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Abstract
Universal measuring coalgebras provide an enrichment of the category of algebras
over the category of coalgebras. By considering the special case of the tensor algebra on
a vector space V , the category of linear spaces itself becomes enriched over coalgebras,
and the universal measuring coalgebra is the dual coalgebra of the tensor algebra
T (V ⊗ V ∗). Given a braiding R on V the universal measuring coalgebra PR(V ) which
preserves the grading is naturally dual to the Fadeev-Takhtadjhan-Reshitikin bialgebra
A(R) and therefore provides a representation of the quantized universal enveloping
algebra as an algebra of transformations. The action of PR(V ) descends to actions on
quotients of the tensor algebra, whenever the kernel of the quotient map is preserved
by the action of a generating subcoalgebra of PR(V ). This allows representations of
quantized enveloping algebras as transformation groups of suitably quantized spaces.
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The technology of measuring coalgebras provides an enrichment of the category of algebras
over coalgebras. For forty years ([9, 1]) this technology has been employed in the spirit
of algebraic geometry, to extend structures arising in differential topology to categories
where the differential structure has been replaced by algebraic structure. Chief among
these applications have been to recover geometric interpretations of supermanifolds and
Lie superalgebras. More recently there have been attempts to interpret quantum groups
in this framework [14, 2, 3].
The technique centres on the universal measuring coalgebra P (A,B), which is a coalgebra
that compares the structure of algebras A and B. Initially we hoped to represent quantized
enveloping algebras as sub-bialgebras of universal measuring coalgebras P (A,A), thus act-
ing as endomorphisms of suitable “function” algebras A. This is the quantum version of
the alternative construction of the universal enveloping algebra from a representation of
the Lie algebra as derivations of A [2, 3]
In developing the technology to do this, a far simpler truth emerged. The universal mea-
suring coalgebra provides a seemingly harmless enrichment of the category of vector spaces
over coalgebras. Yet when V is a vector space with a braiding R : V ⊗ V → V ⊗ V , we
can ask that the universal measuring coalgebra respects this additional structure. The
resulting “R-transformation algebra” PR(V ) is a bialgebra with the following desirable
properties:
1. PR(V ) is defined by a universal property
2. If V is finite-dimensional, then PR(V ) is canonically isomorphic to the dual of the
Faddeev-Reshetikhin-Takhtajan (FRT) bialgebra A(R).
3. If V is a vector space on which the generators of a quantized enveloping algebra act
appropriately, then PR(V ) contains the quantized enveloping algebra.
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4. If A = TV/J is an algebra on which the generators of a quantized enveloping algebra
act appropriately, there is a homomorphism of bialgebras PR(V ) to P (A,A).
Described in this setting, the quantized enveloping algebras are exactly transformations of
a vector space which preserve a braiding, just as the orthogonal or symplectic algebras are
transformations which preserve a form.
The plan of the paper is to present the minimum material on measuring coalgebras required
to describe the construction, state the results concerning the representation of enveloping
algebras as measuring coalgebras, and state and prove the main theorem which is the
isomorphism of PR(V ) with A(R)
◦, the finite dual of the FRT bialgebra. The proofs of the
results on representations are contained in sections 5 and 6. The necessary results about
measuring coalgebras are included in the appendix A. The sections are as follows:
1. Basic definitions of measuring coalgebras.
2. Applications to classical and quantized enveloping algebras.
3. Measuring coalgebras and tensor algebras and their quotients.
4. Definition and properties of R-transformation algebras.
5. The representations of Ug in P (A,A).
6. The representations of Uqg in P (A,A).
7. Appendix Properties of measuring coalgebras.
We would like to thank Martin Hyland for many helpful discussions. We would also like to
recognize the contribution of Ben Fairbairn. His extensive calculations in the preliminary
stages of this work provided us with the experience on which to base our understand-
ing.
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1 Measuring coalgebras
1.1 Definitions
Let C be a coalgebra. We will use Sweedler’s notation [17], so the the comultiplication
△ : C → C ⊗ C
is denoted
△c =
∑
(c)
c(1) ⊗ c(2).
Let A, B be algebras (over a field k which will be either R or C throughout the paper). A
map σ : C → Homk(A,B) is called a measuring map if
σ(c)(aa′) =
∑
(c)
σ(c(1))(a)σ(c(2))(a
′), σ(c)(1A) = ǫ(c)1B
and
σ(c)(1A) = ǫ(c)1B
for a, a′ in A and ǫ the counit. This is equivalent to requiring that the map
σ : A→ Hom(C,B)
is an algebra homomorphism, where the algebra structure on Hom(C,B) is the convolution
product determined by the comultiplication on C.
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C together with σ is called a measuring coalgebra.
If (C ′, σ′) is another measuring coalgebra, a coalgebra map ρ : C → C ′ is a morphism of
measuring coalgebras if σ = σ′ ◦ ρ. The category of measuring coalgebras for a pair of
algebras (A,B) has a final object called the universal measuring coalgebra.
Proposition 1.1 Given a pair of algebras (A,B), there exists a measuring coalgebra P(A,B)
π : P (A,B)→ Hom(A,B)
such that if σ : C → Hom(A,B) is any measuring coalgebra, there exists a unique map
ρ : P (A,B)→ C such that π ◦ ρ = σ.
The proofs are deferred to Appendix A. The functorial properties are summarized in the
following theorem.
Theorem 1.2 1. If A,B,C are algebras, there is a map of coalgebras
P (A,B)⊗ P (B,C)→ P (A,C).
2. The universal measuring coalgebra P (∗, ∗) is functorial in both variables.
3. In particular P (A,A) is a bialgebra and the measuring map is an algebra homomor-
phism.
4. If A is a bialgebra, then Hom(A,B) is an algebra with the convolution product,
P (A,B) is a bialgebra, and the measuring map is an algebra homomorphism.
5. P (A, k) = A◦ ⊂ Hom(A, k), the dual coalgebra of A.
4
2 Applications of the universal measuring coalgebra
2.1 Motivation: the embeddings of Ug and Uqg
Given that our ambition is to suggest a definition of R-transformation algebra which en-
compasses Lie groups, Lie algebras and quantized enveloping algebras, in this section and
the next, we present the major results describing how universal enveloping algebras and
their quantized equivalents can be represented as sub-bialgebras of universal measuring
coalgebras.
The classical model that motivated the project is as follows. Let g be a Lie algebra, and
suppose that A is algebra on which g acts faithfully as derivations, so that there is a linear
map φ : g → End(A) which is a homomorphism of Lie algebras. This can be restated
in terms of measuring coalgebras. Let C = C1 ⊕ g be given the structure of a coalgebra
with 1 group-like and elements of g primitive. The statement that elements of g act as
derivations is equivalent to saying that the extension of φ to all of C sending 1 to the
identity in End(A) measures.
Let π : P (A,A) → End(A) be the universal measuring map. The observation is that
the subbialgebra of P (A,A) generated by C is exactly the universal enveloping algebra of
g.
Theorem 2.1 1. The universal enveloping algebra Ug includes in P (A,A) as a mea-
suring bialgebra.
2. Let e : A → k be an algebra homomorphism, and define r = e ◦ φ : g → Hom(A, k).
Suppose additionally that r is injective on g. If A is a bialgebra, then Ug includes in
P (A, k) as a bialgebra.
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3. With A, e as above, the map
P (1, e) : P (A,A)→ P (A, k),
generated by e ◦ π : P (A,A) → Hom(A, k), sends Ug considered as a subalgebra of
P (A,A) isomorphically onto its image in P (A, k).
The proof is deferred to section 5.
There are many examples of suitable algebras A - the coordinate ring of g, polynomials
on a vector space on which g acts faithfully, and the exterior algebra on such a space all
provide faithful representations of Ug as measuring coalgebras. If G is an algebraic group
with Lie algebra g and k[G] is the coordinate ring of G, then k[G] is a bialgebra, and so
convolution in Hom(k[G], k) determines a bialgebra structure on P (k[G], k), providing a
representation of Ug in P (k[G], k).
A statement analogous to 2.1 can be made replacing Ug by Uqg. The construction above
depends only on the fact that C, the generating set for Ug, is a measuring coalgebra. The
generating set for Uqg is also a coalgebra and the same technique will provide representa-
tions of Uqg as sub-bialgebras of suitable P (A,A) or P (A, k). Details are given in section 6.
Suitable algebras on which this coalgebra measures are constructed as quotients of tensor
algebras of Uqg-modules. It turns out that the tensor algebra and the universal measuring
coalgebra play complementary roles. Describing this relationship is the subject of the next
section.
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3 Measuring coalgebras and tensor algebras and their quo-
tients.
The success of the project of recovering the classical transformation algebras and their
quantized versions encouraged us to consider replacing the vector space of linear trans-
formations Hom(V,W ) by the universal measuring coalgebra P (TV, TW ) where TV (resp
TW ) is the tensor algebra on V (resp W ). This provides an enrichment of the category of
vector spaces over coalgebras.
Proposition 3.1 1. Let V,W be vector spaces, and let H a coalgebra together with a
map
σ : H → Hom(V, TW )
Then σ extends uniquely to a measuring map
σˆ : H → Hom(TV, TW ).
2. If H is in fact a bialgebra then σˆ is also an algebra homomorphism.
Proof 1. The map σ can be thought of as a map
σ : V → Hom(H,TW ).
But since T (V ) is an algebra and H is a coalgebra, Hom(H,TW ) has the structure
of an algebra, where
αβ(b) =
∑
(b)
α(b(1))β(b(2)).
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The universal property of tensor algebras then extends σ to an algebra map
σ : TV → Hom(H,TW )
or equivalently
σˆ : H → Hom(TV, TW )
measures as required.
2. The second part follows from the third part of 1.2, which is proved in the Appendix.
The object of interest here is subcoalgebra of P (TV, TW ) whose elements determine maps
from V to W .
Definition Define
P (V,W ) = {p ∈ P (TV, TW ) : π(p)(V ) ⊂W}.
(Here π is the measuring map π : P (TV, TW )→ Hom(TV, TW ).) It is easy to check that
P (V,W ) is a subcoalgebra of P (TV, TW ). Replacing Hom(V,W ) by P (V,W ) gives an
enrichment of the category of linear spaces over the category of coalgebras. In the case of
particular interest where V = W , P (V, V ) will be denoted simply by P (V ). By the third
part of 3.1, P (V ) is a bialgebra.
Composition gives Hom(TV, TV ) and hence P (TV, TV ) (resp P (V )) has the structure of
a bialgebra.
The other common multiplicative structure on Hom(D,A) is convolution when D is a
coalgebra and A is an algebra, For any vector space W , the concept of a dual space can be
”enriched” by considering the universal measuring coalgebra P (TW, k). When the vector
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space W is replaced by a coalgebra D this coalgebra becomes a bialgebra.
Proposition 3.2 1. Let C be any coalgebra, W any vector space and let
µ : C → Hom(W,k)
be any linear map. Then µ extends uniquely to a measuring map
µˆ : C → Hom(TW, k)
2. If D is a coalgebra, comultiplication in D extends uniquely to a bialgebra structure
on TD.
3. Suppose D is a coalgebra so that Hom(D, k) is an algebra under convolution. If C is
a bialgebra and µ is an algebra homomorphism, then µˆ is also a bialgebra map from
C to (TD)◦.
Proof 1. As before, Hom(C, k) has the structure of an algebra (since C is a coalgebra),
so that
µ :W → Hom(C, k)
extends to
µˆ : TW → Hom(C, k)
2. The inclusion D ⊗D ⊂ TD ⊗ TD, provides a linear map
△ : D → TD ⊗ TD.
By the universal property of the tensor algebra, this extends uniquely to an algebra
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homomorphism
T△ : TD→ TD ⊗ TD.
Routine verification shows that T△ is coassociative. Similarly, the counit ǫ : D → k
extends to an algebra homomorphism T : TD → k. Again, the required identities
can be verified by direct calculation.
3. This is a direct application of the fourth part of 1.2 which will be proved in the
appendix.
In the event that W = V ⊗ V ∗, observe that we can identify V ⊗ V ∗ in T (V ⊗ V ∗) with
V ⊗ V ∗ in TV ⊗ TV ∗, and hence make the inclusion
T (V ⊗ V ∗) ⊂ TV ⊗ TV ∗.
The case of interest is when D = V ⊗ V ∗, where there are isomorphisms
Hom(V, V ) = V ⊗ V ∗ = (V ⊗ V ∗)∗
The Killing form identifies the space V ⊗ V ∗ with its dual. Thus the vector space V ⊗ V ∗
carries both an algebra structure and a coalgebra structure, but these two structures are as
incompatible as possible. The function of P (V ) is to repair the incompatibility. Moreover,
the above identifications are as algebras (with the algebra structure on the last being given
by convolution). Thus the two apparently different cases of σ and µ above in fact describe
the same situation.
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Notation. It quickly becomes confusing whether V ⊗ V ∗ (or TW ) is being regarded as
an algebra or a coalgebra. When there is danger of confusion, we will write V ⊗a V
∗ (or
TaW ) when considering these spaces as an algebra, and V ⊗c V
∗ (or TcW ) when they are
considered as coalgebras.
Theorem 3.3
P (V ) = (Ta(V ⊗c V
∗))◦
Proof This is nearly tautological: by the definition of P (V ), the measuring map π :
P (V )→ Hom(TV, TV ) restricts to a linear map π : P (V )→ Hom(V, V ). But Hom(V, V ) =
V ⊗a V
∗ = Hom(V ⊗c V
∗, k). Thus by the universal property of P (T (V ⊗c V
∗), k), the
following diagram commutes
P (T (V ⊗a V
∗, k)
P (V ) Hom(V, V )
Hom(V ⊗c V
∗, k, )
Hom(Ta(V ⊗c V
∗), k)
❄
✲
❄
❄
✲
π
ρ
π
∼=
and the map
ρ : P (V )→ P (T (V ⊗ V ∗), k) = (T (V ⊗ V ∗))◦.
is unique. Conversely, the measuring map π : P (T (V ⊗c V
∗), k) → Hom(T (V ⊗c V
∗), k)
restricts to a linear map π : P (T (V ⊗c V
∗), k) → Hom(V ⊗c V
∗, k) = Hom(V, V ). The
resulting map of measuring coalgebras P (T (V ⊗ V ∗), k)→ P (V ) provides an inverse to ρ.
Since the identification
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Hom(V ⊗c V
∗, k) ∼= (V ⊗a V ∗ ∼= Hom(V, V )
preserves the multiplicative structure of these spaces, the maps ρ and its inverse are bial-
gebra maps.
The maps induced by such σ, µ of 3.1, 3.2 descend to quotients of TV provided the ideal
in question is preserved. This is the chief tool for constructing enveloping algebras, both
classical and quantized, as sub-bialgebras of universal measuring coalebras.
Proposition 3.4 1. Suppose that C is a coalgebra and that σ : C → End(TV ) mea-
sures. Let J be an ideal in TV . Suppose additionally that σ(C)(J) ⊂ J . Then σ
induces a measuring map σ˜ : C → End(TV/J)
2. If µˆ : C → Hom(TV, k) measures, and J is an ideal as above such that c(J) = 0 for
all c ∈ C, then µˆ descends to a measuring map µˆ : C → Hom(TV/J, k).
Proof For both parts of the proposition the argument is the same. The statement that
σ(C)(J) ⊂ J (resp µˆ(C)(J) = 0) says that σ induces a map σ : C → End(TV/J, TV/J)
(resp µˆ descends to a map µˆ : C → Hom(TV/J, k)). These maps retain the measuring
property.
4 R-transformation algebras
The results of the previous sections have encouraged us to consider universal measuring
bialgebras P (V ) as candidates for the algebra of transformations of a vector space V .
Where the vector space becomes equipped with a specified braiding R : V ⊗V → V ⊗V , we
can describe the R-transformation algebra PR(V ) as the sub-bialgebra of P (V ) consisting
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of elements that preserve the braiding. The R-transformation algebra incorporates the
universal enveloping algebra and its quantized version as special cases. Moreover, described
in this setting, PR(V ) is easily recognized as the dual coalgebra of the FRT bialgebra A(R),
when V is finite-dimensional.
4.1 The braiding on TV .
The bialgebra PR(V ) will be constructed as a sub-bialgebra of P (TV, TV ) which preserves
a braiding on TV which extends the one given on V .
Recall that a braided algebra A is an algebra together with an invertible linear operator
Ψ : A⊗A→ A⊗A such that
1. Ψ satisfies the braid equation on A⊗A⊗A, that is:
(id⊗Ψ)(Ψ⊗ id)(id⊗Ψ) = (Ψ⊗ id)(id⊗Ψ)(Ψ⊗ id).
2. The multiplicationm : A⊗A→ A and unit ν : 1→ A satisfy the following consistency
conditions:
Ψ(m⊗ id) = (id⊗m)(Ψ⊗ id)(id⊗Ψ) : A⊗A⊗A→ A⊗A,
Ψ(id⊗m) = (m⊗ id)(id⊗Ψ)(Ψ⊗ id) : A⊗A⊗A→ A⊗A, (1)
Ψ(m⊗ ν) = (ν ⊗m) : A→ A⊗A, Ψ(ν ⊗m) = (m⊗ ν) : A→ A⊗A.
For further details on braided algebras and related structures, refer to [13].
Now let (V,R) be a braided vector space, that is, V is a vector space and R : V ⊗V → V ⊗V
is an invertible linear operator satisfying the braid equation. Then TV can be given the
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structure of a braided algebra.
Proposition 4.1 If R is a braid operator for V , then
1. R extends to a map Ψm,n
Ψm,n : ⊗mV ⊗⊗nV → ⊗nV ⊗⊗mV.
where Ψ1,1 = R : V ⊗ V → V ⊗ V .
2. Writing Ψ for
∑
m,nΨ
m,n, then Ψ gives TV the structure of a braided algebra.
3. If J is an ideal of TV such that ΨJ = J , then Ψ gives TV/J the structure of a
braided algebra.
Proof . The map Ψm,n is obtained by using R on adjacent factors one pair at a time,
and observing that the braid identity ensures that this is well-defined. See Majid [12] for
details.
4.2 Definition of PR(V )
Definition Let V be a vector space with braiding R. Let C be a coalgebra and suppose
the map σ : C → End(TV ) is a measuring map. Say that C preserves (V,R) if:
σ(c)(V ) ⊂ V ∀c ∈ C,
R(σ ⊗ σ)(∆(c))(v ⊗ w) = (σ ⊗ σ)(∆(c))R(v ⊗ w) ∀c ∈ C; ∀v,w ∈ V.
The next lemma follows from a simple application of equations 1 and the braiding condi-
tion:
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Lemma 4.2 Take C a coalgebra and suppose the map σ : C → End(TV ) is a measuring
that preserves (V,R). Then C preserves the braiding Ψ on all of TV , that is,
Ψ(σ ⊗ σ)(∆(c))(v ⊗ w) = (σ ⊗ σ)(∆(c))Ψ(v ⊗ w) ∀c ∈ C; ∀v,w ∈ TV.
If C is a measuring coalgebra which preserves R, then the sub-bialgebra generated by C
in P (V ) will also preserve R. If sub-bialgebras C and B of P (TV, TV ) preserve R, then so
does the bialgebra generated by C and B. So, there is a largest sub-bialgebra of P (TV, TV )
which preserves R. This is our preferred candidate for the role of R-transformation alge-
bra.
Definition The R-transformation algebra, denoted PR(V ), of the braided vector space
(V,R), is the unique maximal sub-bialgebra of P (V ) which preseves R.
From the remarks above, PR(V ) is also the maximal subcoalgebra of P (V ) which preserves
R - the requirement that it be a bialgebra imposes no restriction.
The coalgebras measuring TV to TV and preserving R form a full subcategory of the
coalgebras measuring TV to TV . The definition of PR(V ) shows that it is the final object
in this category. We have incidentally shown that PR(V ) is a final object in another
category.
Proposition 4.3 Let HR be the category whose objects are bialgebras H together with
actions of H on V such that the action on V ⊗ V (induced by comultiplication in H)
preserves R. Then PR(V ) is also a final object in the category HR.
This will be useful in proving the duality between PR(V ) and A(R) in the following sub-
section.
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4.3 R -Admissable coactions and R-Admissable actions.
The aim is to relate the R-transformation algebra PR(V ) to the dual bialgebra of the
Faddeev-Reshetikhin-Takhtajan (FRT) bialgebra associated with R, A(R). To do so, we
will describe in parallel a category in which A(R) is an initial object and a category in
which PR(V ) is a final object.
The following lemma states that actions and coactions of bialgebras on a vector space
extend to the whole tensor algebra.
Lemma 4.4 1. Let H be a bialgebra with an action a : H ⊗ V → V . Comultiplication
in H extends this action to an action Ta : H ⊗ TV → TV .
2. Let B be a bialgebra with a coaction c : V → V ⊗B. Multiplication in B extends this
coaction to a coaction Tc : TV → TV ⊗B which is an algebra homomorphism.
Proof The first statement is a restatement of the first part of 3.1, and is only restated for
comparison with the second. The second makes use of the defining property of the tensor
product.
Very elementary algebra establishes the equivalence of an action a : H ⊗ V → V with an
algebra homomorphism a : H → V ⊗V ∗. The coalgebra structure of V ∗⊗V , while equally
elementary feels less familiar: comultiplication in V ∗ ⊗ V arises from the unit u in the
algebra End(V ) = V ⊗ V ∗:
△ = 1⊗ u∗ ⊗ 1 : V ∗ ⊗ V → V ∗ ⊗ V ⊗ V ∗ ⊗ V.
The counit ǫ is simply the evaluation map. The argument relating actions with homor-
phisms into V ∗ ⊗ V dualizes to give the result that coactions c : V → V ⊗ B correspond
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to coalgebra maps c : V ∗ ⊗ V → B.
Using this definition of actions and coactions, the content of 4.4 could be expressed by
saying that the action a (resp coaction c) extends to maps
T ia : H → ⊗i(V ⊗a V
∗), T ic : ⊗(V ∗ ⊗c V )→ B (2)
for all i.
We define admissable actions and coactions to be those which preserve R, as follows.
Definition If B be a bialgebra for which V is a comodule, say the coaction c : V → V ⊗B
is (V,R) admissable (or simply admissable) if
V ⊗ V
V ⊗ V ⊗B V ⊗ V ⊗B
V ⊗ V
❄
✲
❄
✲
c
R
c
R⊗ 1B
If H is a bialgebra for which V is a module, say the a : H ⊗ V → B is (V,R) admissable
(or simply admissable) if
a ◦ 1H ⊗R = R ◦ a : H ⊗ V ⊗ V → V ⊗ V.
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V ⊗ V
H ⊗ V ⊗ V ⊗B H ⊗ V ⊗ V ⊗B
V ⊗ V
❄
✲
❄
✲
c
R
c
R⊗ 1B
Using 2, the definition of admissable translates to a statement that c factors through a
coequalizer (resp. the image of a lies in an equalizer).
Denote by τ the map which twists the middle two factors
τ = 1V ∗ ⊗ twist⊗ 1V : V
∗ ⊗ V ⊗ V ∗ ⊗ V → V ∗ ⊗ V ⊗ V ∗ ⊗ V.
Define two maps from V ∗ ⊗ V ⊗ V ∗ ⊗ V to itself:
α = τ ◦R∗ ⊗ 1V⊗V ◦ τ, β = τ ◦ 1V ∗⊗V ∗ ⊗R ◦ τ.
Define C to be the coequalizer of α and β, and E to be the equalizer, thus
C = V ∗ ⊗ V ⊗ V ∗ ⊗ V/im(α − β) (3)
and
E = {w ∈ V ∗ ⊗ V ⊗ V ∗ ⊗ V : αw = βw}. (4)
The translation of the statement that a or c preserves R can then be stated as a lemma.
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Lemma 4.5 1. A coaction c of a bialgebra B on V is admissable if and only if
T 2c : (V ∗ ⊗ V )⊗ (V ∗ ⊗ V )→ B
factors through C.
2. An action a of a bialebra H on V ∗ is admissable if and only if
imT 2a(H) ⊂ E ⊂ (V ⊗ V ∗)⊗ (V ∗ ⊗ V ).
Proof Like all proofs of this nature, there is no difficulty beyond that of unravelling the
definitions and displaying the material in a manner in which the claim becomes obvious.
We will show the statement for an action to be admissable.
The ingredients here are the following. First, the comultiplication H is simply
V ⊗ V ∗
H H ⊗H
(V ⊗ V ∗)⊗ (V ⊗ V ∗)
❄
✲
❄
✲
r
c
r ⊗ r
where c is 1V ⊗ uV ∗⊗V ⊗ 1
∗
V . The action of H on V is then
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V ⊗ V ∗ ⊗ V
H ⊗ V
V
❄
✲
❩
❩
❩
❩⑦
r
a
where a is contraction on the second and third factors. Writing (V ⊗ V ∗) ⊗ (V ⊗ V ∗) as
V ⊗ V ⊗ V ∗ ⊗ V ∗, the admissability condition can set in the following diagram
H ⊗H ⊗ V ⊗ V
V ⊗ V ⊗ V ∗ ⊗ V ∗ ⊗ V ⊗ V
V ⊗ V ⊗ V ∗ ⊗ V ∗ ⊗ V ⊗ V V ⊗ V
V ⊗ V
❄❄ ❄
✲
❄
✲
✑
✑
✑✸
◗
◗
◗s
a b c R
Here a = R⊗ 1⊗ 1, b = 1⊗R∗⊗ 1 and c = 1⊗ 1⊗R. The horizontal maps are the action -
in this case given by contraction on the last four factors. Evidently the diagram commutes
if the map a is used. Admissability is the statement that the diagram also commutes for
the map c. But by the definition of R∗, this commutes if and only if the square with b
commutes. Thus the diagram commutes if, on the image of H ⊗ H⊗, a = b. But this is
exactly the statement that the image of H ⊗H in the coequalizer.
By its construction, PR(V ) is readily seen to be the final object in the category of bialgebras
H equipped with a admissable action on V . The initial object in the category of bialgebras
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B equipped with admisable coactions on V is exactly the FRT algebra. To see this, it is only
necessary to give the standard definition of the FRT algebra A(R) in a basis independent
fashion.
By 3.2 a coalgebra structure on D endows the tensor algebra TD with the structure of a
bialgebra. Notice that if K is a coideal in TD, the ideal generated by K in TD is also a
coideal. A routine calculation shows that im(α− β) is a coideal in V ∗ ⊗ V .
Definition Let J denote the coideal generated by im(α − β). Define A(R), the FRT
algebra, to be the bialgebra
A(R) = T (V ∗ ⊗ V )/J.
The maps
j : V ∗ ⊗ V → A(R)
is evidently a coalgebra map. Moreover, in the light of the preceding lemma, we have the
following proposition.
Proposition 4.6 (The universal property of the FRT algebra.) If B is a bialgebra with
an admissable coaction c on V, then there is a unique map
ρ : A(R)→ B
such that
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VV ⊗A(R) V ⊗B
❄
✲
❩
❩
❩
❩⑦
r
a
Thus A(R) as constructed as above has the property expected of the FRT construction,
and by uniqueness, this construction is equivalent to the more common basis dependent
definition of A(R).
The main theorem is the observation that 3.3 and 4.6 combine to allow a simple identifi-
cation of the R-transformation algebra and the FRT algebra.
Theorem 4.7
PR∗(V
∗) = A(R)◦.
Remark 1. It is easy to verify that if R : V ⊗ V → V ⊗ V is a braiding (of a finite
dimensional vector space) then the dual map R∗ : V ∗ ⊗ V ∗ → V ∗ ⊗ V ∗ is also a
braiding.
2. Coactions on V to correspond to actions on V ∗ hence the theorem is stated in terms
of PR∗(V
∗). However, PR(V ) = PR∗(V
∗)op. See lemma 4.9.
Proof From 3.3 we have that P (V ∗) = (T (V ∗ ⊗ V ))◦. The essential step is to apply the
content of 4.6.
If B is a bialgebra and c : V → V ⊗B is an admissable coaction, then
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T 2c : (V ∗ ⊗ V )⊗ (V ∗ ⊗ V )→ B
factors through (V ∗ ⊗ V )⊗ (V ∗ ⊗ V )/J where J is ker(α− β) from 3. Thus
c◦ : B◦ → (V ∗ ⊗ V )∗
has its image in J⊥, that is, the action of B◦ is admissable. Thus, in particular, the action
of A(R)◦ on V ∗ is admissable, and A(R)◦ ⊂ (T (V ∗ ⊗ V )◦) is contained in PR∗(V ).
If a : H → V ∗ ⊗ V is an admissable action of a bialgebra H on V ∗, then
T 2a : H → (V ∗ ⊗ V )⊗ (V ∗ ⊗ V )
has its image in E of 4. Then, since multiplication inH induces H◦ → H◦ ⊗H◦, the map
T 2a dualizes to give a coaction
ψ = (T 2a)◦ : (V ∗ ⊗ V )⊗ (V ∗ ⊗ V )∗ → H◦.
Since T 2a had its image in E, ψ factors through C of 3. In particular, this holds for
H = PR∗(V ), and hence ψ factors through a map from A(R) to (PR∗(V )).
Corollary 4.8 PR(V )
op = A(R)◦
The corollary is an immediate consequence of the following lemma.
Lemma 4.9 PR(V ) ∼= PR∗(V
∗)op.
Proof This is simply the observation that nothing goes wrong when taking duals: if ρ :
C → End(V ) is a linear map, define ρ′ : C → End(V ∗) via ρ′(c) = (ρ(c))∗. If ρ(c) preserved
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R, then (ρ(c))∗ will preserve R∗. Thus as measuring coalgebras, PR(V ) ∼= PR∗(V
∗). Since
(αβ)∗ = α∗β∗ for α, β in End(V ) the order of multiplication is the reverse of the usual in
PR∗(V
∗).
5 Proof of 2.1 for the classical case
Recall that φ : g → End(A) is a faithful representation of g as derivations on A. Notice
that C = C1 ⊕ g can be given the structure of a coalgebra by setting 1 to be grouplike,
and elements in g to be primitive. Let φˆ : C → End(A) map 1 to the identity map on A
and equal φ when restricted to g. Then φˆ is an injective measuring map.
Proof of Theorem 2.1 1. Let π : P (A,A) → End(A) be the universal measuring map.
By the universal property of measuring coalgebras there is a unique coalgebra map ρ : C →
P (A,A) that satisfies π ◦ ρ = φˆ. Then, ρ is injective because φˆ is injective. Let U denote
the sub-bialgebra of P (A,A) generated by the image of C.
Consider the ideal J in P (A,A) generated by the set of elements of the form
ρXρY − ρY ρX − ρ[X,Y ].
Lemma 5.1 The ideal J is in the kernel of the measuring map π. Moreover, J is also a
coideal.
Proof Notice that since g is represented in End(A) and since multiplication in P (A,A)
is defined via composition in End(A), π(Z) = 0 for all Z in {ρXρY − ρY ρX − ρ[X,Y ]}.
Similarly, since π is an algebra homomorphism, all of the ideal J generated by elements Z
must also lie in the kernel of π. That J is a coideal can be verified by checking directly
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that the space spanned by
ρXρY − ρY ρX − ρ[X,Y ]
is a coideal.
Lemma 5.2 If J is any coideal in P (A,A) which lies in the kernel of π, then J = 0.
Proof If J is a coideal in P (A,A) which is contained in the kernel of π, then observe
that P (A,A)/J has the universal property which characterizes the universal measuring
coalgebra, hence J = 0 by the uniqueness of P (A,A).
Since ρ is thus a linear map from g to an associative algebra U which satisfies the identity
ρXρY − ρY ρX − ρ[X,Y ] = 0,
by the universal property of universal enveloping algebras there is a unique algebra homo-
morphism
µ : Ug→ U
which agrees with ρ when restricted to g. But the map µ is not just an algebra homomor-
phism; it is a bialgebra map because ρ is a coalgebra map.
We now appeal to the following basic, if initially surprising, fact about coalgebra maps:
they enjoy a rigidity that algebra homomorphisms lack.
Proposition 5.3 Let B be a coalgebra. If C is another coalgebra and ν : B → C is a map
of coalgebras, then ν is injective if and only if it is injective on the first coradical filtration
of B.
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Proof [15] page 65.
It is thus sufficient to show that µ is injective on the first coradical filtration of Ug, which
is just C [17]. But µ = ρ on C, and is thus injective.
2. The structure of this part is parallel to that of the first part. The same coalgebra C
can be used, and the measuring map from C to k is simply r = e ◦ φ. This map measures,
providing a map
ρˆ : C → P (A, k).
As before, let Uˆ be the subalgebra of P (A, k) generatd by the image of C, and take Jˆ to
be the ideal generated by
ρˆXρˆY − ρˆY ρˆX − ρˆ[X,Y ].
The proof continues as above, relying on the following two lemmas as before.
Lemma 5.4 The ideal Jˆ is in the kernel of the measuring map π. Moreover, Jˆ is also a
coideal.
Lemma 5.5 If Jˆ is any coideal in P (A, k) which lies in the kernel of π, then Jˆ = 0
3. Take π : P (A,A) → End(A) and π˜ : P (A, k) → Hom(A, k) to be the respective
universal measurings. And let µ : Ug → P (A,A) be the injection from part 1 and let
µ˜ : Ug → P (A, k) be the injection from part 2. Then P (1, e) ◦ µ and µ˜ provide two
bialgebra maps from Ug to P (A, k). We must show that they are the same map. By the
universal property of Ug, they are the same if they are the same on g. By the universal
property of P (A, k), they are the same on g if they give the same action when composed
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with π˜. As maps from g to Hom(A, k), these two maps satisfy:
π˜ ◦ (P (1, e) ◦ µ) = (π˜ ◦ P (1, e)) ◦ µ = e ◦ π ◦ µ = e ◦ φ,
π˜ ◦ µ˜ = r = e ◦ φ,
and the two maps are thus the same.
Particular choices of A recover the universal enveloping algebra as the sub-bialgebra of
P (A,A) generated by g. The following results follow easily from Theorem 2.1.
Corollary 5.6 1. Ug includes in P (C∞(G), C∞(G)).
2. If V is a faithful representation of g, then Ug includes in P (TV, TV ) where TV is
the tensor algebra on V
3. If V is a faithful representation of g, then Ug includes in P (SymV,SymV ) where
SymV is the symmetric algebra on V .
4. If V is a faithful representation of g, then Ug includes in P (
∧
V,
∧
V ) where
∧
V is
the exterior algebra on V .
5. Let e denote the homomorphism e : C∞(G) → R which evaluates a function at the
identity e of G. Then
P (1, e) : P (C∞(G), C∞(G))→ P (C∞(G),R)
identifies the copy of Ug in P (C∞(G)C∞(G)) with the pointed subbialgebra of P (C∞(G)C∞(G))
with the identity as the unique group-like element.
Remark 1. Even if S is just a linear space of derivations of A, the construction still
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generates the universal enveloping algebra of the Lie algebra generated by S. In par-
ticular, if g is semisimple, Ug will be generated in P (A,A) as long as φ : g→ End(A)
is injective on the generators of g. This is the classical parallel of the quantized
situation discussed below.
2. The third example demonstrates the fact that the universal enveloping algebra can
be infinite dimensional even when the algebra A is finite dimensional.
In this way, the universal enveloping algebra is realized not as some external abstract con-
struction appended to a Lie algebra, but is a very natural bialgebra of transformations
(in the enriched setting) of a linear space. Moreover, this interpretation of the role of
the universal enveloping algebra applies without further adjustment to the case of quan-
tized enveloping algebras. It is only necessary to introduce appropriate analogues of the
symmetric and exterior algebras, and the function ring of a Lie group G.
6 Quantized Enveloping Algebras
6.1 Definitions and Basic Facts
Let g be a finite-dimensional complex semisimple Lie algebra of rank n with Cartan matrix
(aij) and let di be the coprime positive integers such that the matrix (diaij) is symmetric.
Let q be a fixed complex number, not a root-of-unity, and set qi := q
di . The algebra
Uqg is the complex associative algebra with 4n generators Ei, Fi,Ki,K
−1
i , 1 ≤ i ≤ n and
relations:
KiKj = KjKi, KiK
−1
i = K
−1
i Ki = 1,
KiEjK
−1
i = q
aij
i Ej, KiFjK
−1
i = q
−aij
i Fj,
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EiFj − FjEi = δij
Ki −K
−1
i
qi − q
−1
i
1−aij∑
r=0
(−1)r
[[
1− aij
r
]]
qi
E
1−aij−r
i EjE
r
i = 0, i 6= j
1−aij∑
r=0
(−1)r
[[
1− aij
r
]]
qi
F
1−aij−r
i FjF
r
i = 0, i 6= j
where:
[[
1− aij
r
]]
q
=
[n]q!
[r]q![n− r]q!
, [n]q =
qn − q−n
q − q−1
.
There is a Hopf algebra structure on Uqg given by:
∆(Ki) = Ki ⊗Ki, ∆(K
−1
i ) = K
−1
i ⊗K
−1
i ,
∆(Ei) = Ei ⊗Ki + 1⊗ Ei, ∆(Fi) = Fi ⊗ 1 +K
−1
i ⊗ Fi,
ǫ(Ki) = 1, ǫ(Ei) = ǫ(Fi) = 0,
S(Ki) = K
−1
i , S(Ei) = −EiK
−1
i , S(Fi) = −KiFi.
A quantum version of the PBW theorem [4] shows that the generating coalgebra C =
C[Ei, Fi,Ki,K
−1
i ]1≤i≤n is a subcoalgebra of Uqg.
Chin and Musson [5] [6] and Mu¨ller [16] have shown that the coalgebra structure of Uqg is
particularly simple:
Proposition 6.1 Uqg is pointed with coradical U0 = C[Ki,K
−1
i ]1≤i≤n and first term of
the coradical filtration
∑
i U0 + U0Ei + U0Fi.
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These authors use this result together with Proposition 5.3 to show:
Proposition 6.2 Every bi-ideal of Uqg contains Ei and Fi for some i.
Remark These results are only explicitly stated in [5] for simple g, although it follows
from the work of [16] that they extend to semisimple g. Also note that the result that we
cite is slightly weaker than the result given in [5] (as extended by [16]). It is all that we
will need.
This provides a stronger version of Proposition 5.3:
Corollary 6.3 Let B be a bialgebra. If ν : Uqg → B is a map of bialgebras, then ν is in-
jective if and only if it is injective on the generating coalgebra C = C[Ei, Fi,Ki,K
−1
i ]1≤i≤n.
We will also need the following result from the representation theory of quantized envelop-
ing algebras. Refer to [4] for terminology and proof.
Proposition 6.4 The finite-dimensional type 1 modules of Uqg carry a braiding that com-
mutes with the action of Uqg, where this action is defined on V ⊗ V using the comultipli-
cation in Uqg.
6.2 Statement and Proof of Theorem 2.1 in the Quantum Case
Take C = C[Ei, Fi,Ki,K
−1
i ]1≤i≤n, the coalgebra of generators for Uqg. Let φ : C → End(A)
be a faithful measuring that preserves the defining relations of Uqg in End(A), that is to
say that A can be made into a Uqg module.
Theorem 6.5 1. The quantized enveloping algebra Uqg includes in P (A,A) as a mea-
suring bialgebra.
2. Let e : A → k be an algebra homomorphism, and define r = e ◦ φ : C → Hom(A, k).
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Suppose additionally that r is injective on C. If A is a bialgebra, then Uqg includes
in P (A, k) as a bialgebra.
3. With A, r as above, the map
P (1, e) : P (A,A)→ P (A, k),
generated by e ◦ π : P (A,A) → Hom(A, k), sends Uqg considered as a subalgebra of
P (A,A) isomorphically onto its image in P (A, k).
The proof is the same as in the classical case with two modifications. First, instead of
Proposition 5.3, use Corollary 6.1. Secondly, instead of the universal property of Ug, use
the fact that a map φ : C → End(A) that preserves the defining relations of Uqg in End(A)
gives rise to a unique algebra map µ : Uqg→ End(A) that agrees with φ on C.
6.3 Examples of Algebras on which Uqg measures
Let V be a module for Uqg which is faithful on the generators. Then by Proposition 3.1,
Uqg measures TV to TV and the measuring map is an algebra homomorphism from Uqg
to End(TV ). By Theorem 2.1, Uqg embeds as a sub-bialgebra
Uqg ⊂ P (TV, TV ).
The vector space V has a braiding R by Proposition 6.4 and Uqg preserves (V,R). Thus,
in the light of the discussion following 4.2, Uqg embeds as a sub-bialgebra
Uqg ⊂ PR(V ).
31
Remark The identification of PR(V ) with A(R)
◦ means that Uqg embeds in the dual of
the FRT bialgebra of any representation on which the generators of Uqg act faithfully.
There are also interesting quotient algebras of TV , on which Uqg measures. We construct
these as follows. Let f be a complex polynomial, and suppose that V is a vector space
with braiding R as above. Following [10] define the algebra χf,R to be the quotient of the
tensor algebra TV by the two-sided ideal generated by f(R)(V ⊗ V ).
Remark This construction is possible for any operator R : V ⊗V → V ⊗V , but choosing
R to be a braiding makes it less likely that the quotient will be trivial (see [11] for details).
Note that it might be necessary to choose an appropriate normalization on R to obtain a
non-trivial quotient.
Note that if χf,R is non-trivial, then V ⊂ χf,R. By Proposition 3.4, Uqg measures TV to
TV and the measuring map is an algebra homomorphism from Uqg to End(χf,R). Thus,
as long as χf,R is non-trivial, Uqg embeds as a bialgebra
Uqg ⊂ P (χf,R, χf,R).
We list a few examples of non-trivial χf,R.
Example Vector representation of Uqsln.
The vector representation V of Uqsln is n-dimensional and is the quantum version of the
defining representation of sln. Let ei,j be the n × n matrix with a 1 in the (i, j) position
and 0 elsewhere. We can choose a basis such that V is given by:
Ki = q
−1ei,i + qei+1,i+1 +
∑
k 6=i,i+1
ek,k,
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Ei = ei+1,i, Fi = ei,i+1.
The associated braiding (appropriately normalized) is:
R = q
∑
i
(eii ⊗ eii) +
∑
i 6=j
(eii ⊗ ejj) + (q − q
−1)
∑
i<j
(eij ⊗ eji)
With polynomial x − q and this braiding, one obtains Symq sln, generated by 1, x1, ...xn
with relations:
xixj = qxjxi, i < j
and with polynomial x+q−1, one obtains
∧
q sln with the same generators and new relations:
x2i = 0 and xixj = −q
−1xjxi, i < j.
Example Symmetric algebra of Uqsp4.
While the symmetric and exterior algebras of Uqsln are very simple q-deformations of
their classical counterparts, other quantized enveloping algebras give rise to more complex
symmetric algebras. As an interesting low-dimensional example, the algebra Symq sp4 is
generated by 1, x1, x2, x3, and x4, subject to the relations:
x1x2 = qx2x1, x1x3 = qx3x1,
x2x4 = qx4x2, x3x4 = qx4x3,
x1x4 = q
2x4x1, x2x3 = q
2x3x2 + (q − q
−1)x1x4
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In fact, as in the above examples, for all classical simple g, one can use the vector repre-
sentation to generate Symq g and
∧
q g, which share many of the properties of symmetric
and exterior algebras [8], and it is clear from the above discussion that
Uqg ⊂ P (Symq g,Symq g), Uqg ⊂ P (
∧
q
g,
∧
q
g).
As
∧
q g is finite-dimensional, it becomes readily apparent that one can find finite-dimensional
A, such that Uqg embeds in P (A,A) for any semi-simple g composed of classical simple Lie
algebras, by using direct sums of appropriately chosen quantum exterior algebras.
Example Adjoint representation of Uqsl2.
Other examples with rich structure can be found by using representations other than
the vector representation. For example, using the three-dimensional (“adjoint”) type 1
representation of Uqsl2 and taking an appropriate normalization of the braid matrix and
a polynomial f = x+ q−2, one obtains for χf,R the algebra generated by 1, x1, x2, x3 with
relations:
x1x1 = x3x3 = 0, x2x2 =
q2 − 1
q + q−1
x1x3,
x1x2 = −q
2x2x1, x2x3 = −q
2x2x3, x1x3 = −x3x1,
which is better known as the quantum Lie algebra of sl2 [7].
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6.4 The quantized function algebras
The algebras χf,R provide analogues of symmetric and exterior algebras of the (quantized)
linear space on which a quantized enveloping algebra acts. To complete the parallel with
corollary 5.6, we need an appropriate replacement for C∞(G). The following result moti-
vates the definition of the bialgebra which will serve in this capacity.
Definition With G a connected, simply connected Lie group with Lie algebra g, the
quantized function algebra on G, denoted by Cq[G], is the Hopf subalgebra of the Hopf
dual (Uqg)
◦ spanned by the matrix coefficients of all finite-dimensional type 1Uqg-modules.
The dual pairing of bialgebras 〈Uqg,Cq[G]〉 is derived from the pairing 〈Uqg, Uqg
◦〉.
This pairing provides a measuring map φ : Uqg → End(Cq[G]) which is also an algebra
homomorphism, given by:
φ(u)(c) =
∑
(c)
c(1)〈u, c(2)〉 u ∈ Uqg, c ∈ Cq[G].
This measuring is faithful on the generators of Uqg and thus provides an embedding
Uqg ⊂ P (Cq[G],Cq[G]).
Evaluating an element of Cq[G] on the identity of Uqg provides an algebra homomorphism
e : Cq[G] → C and composing e ◦ φ : Uqg → Hom(Cq[G],C) yields the dual pairing
〈Uqg,Cq[G]〉. This is certainly faithful on the generators of Uqg, so there is an embed-
ding
Uqg ⊂ P (Cq[G],C).
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An isomorphism between these embeddings is provided by the map:
P (1, e) : P (Cq[G],Cq[G])→ P (Cq[G],C),
as in Theorem 6.5.
A The universal measuring coalgebra
A.1 Construction of the universal measuring coalgebra
While the linear dual of a coalgebra is an algebra, the full linear dual of an algebra is
not necessarily a coalgebra: the categories of coalgebras and algebras are not equivalent.
In particular, coalgebras have a finiteness property with no corresponding property for
algebras. This finiteness property is critical for the construction of the universal enveloping
algebra.
Theorem A.1 Every element of a coalgebra is contained in a finite dimensional subcoal-
gebra.
See Sweedler [17] or Montgomery [15] for a proof of this and other elementary coalgebraic
constructions.
In outline the construction of P (A,B) is as follows.
Consider the set of all finite dimensional measuring coalgebras, Cµ, σµ. It is not difficult to
verify that the coproduct
∐
µCµ is also a measuring coalgebra. Moreover, if ρ : Cλ → Cλ′
is a measuring map, then there are two maps
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f, g : Cλ →
∐
µ
Cµ
with f being the inclusion of Cλ in the
∐
µCµ and g being ρ followed by the inclusion of
Cλ′ in
∐
µ Cµ.The universal measuring coalgebra P (A,B) is then the co-equalizer
P (A,B)→
∐
λ
Cλ =⇒
g
f
∐
µ
Cµ
.
The image of P (A, k) is also referred to as the dual coalgebra of A or the finite dual of A,
and is denoted by A◦.
Most of the claims in 1.2 follow easily from the universal property. The third part follows
from an inspection of the following diagram. Suppose that Hom(A,B) is an algebra, and
that H is a bialgebra with a measuring map σ : H → Hom(A,B) which is also an algebra
homomorphism.
H ⊗H
H
P (A,B)
P (A,B)⊗ P (A,B) Hom(A,B)⊗Hom(A,B)
Hom(A,B)
❄
❳❳❳❳❳❳❳❳❳❳❳❳③
✘✘
✘✘
✘✘
✘✘
✘✘
✘✘✿
❄
✲
❄
✲
✚
✚
✚❃
❩
❩
❩⑦
σ ⊗ σ
m
σ
µ
ρ
ρ⊗ ρ
π
µ
The map µ ◦ σ ⊗ σ measures, and hence the map m defining multiplication on P (A,B)
exists and is unique by the universal property of P (A,B).
37
Corollary A.2 1. P (A, k) includes in Hom(A, k)
2. Let A and H be bialgebras, and suppose that A is an H-comodule algebra. Then
P (H, k) = H◦ is a measuring coalgebra for the pair (A,A).
Proof For 1, observe that P (A, k) ⊂
⋃
(A/J)∗ where J is a cofinite ideal in A. Moreover, if
C is a finite dimensional subcoalgebra of P (A, k), then there is an algebra homomorphism
from A to the finite dimensional algebra C∗, with cofinite kernel J. Since P (A, k) is the
union of its finite dimensional subcoalgebras, P (A, k) ⊂= (A/J)∗.
For 2, observe that H◦ is a coalgebra with a map
p : H◦ → Hom(A,A), p(α)(a) =
∑
(a)
a(0)α(a(1)).
Then
p(α)(aa′) =
∑
(a)(a′)
a(0)a
′
(0)α(a(1)a
′
(1))
=
∑
(a)(a′)(α)
a(0)a
′
(0)α(1)(a(1))α(2)(a
′
(1)).
But
∑
(α)
p(α(1)(a))p(α(2)(a
′)) =
∑
(α)(a)(a′)
a(0)α(1)(a(1))a
′
(0)α(2)(a
′
(1)),
so p measures, giving H◦ the structure of a measuring coalgebra as required.
Majid [14] works with an arrows reversed version of this construction. Instead of coalgebras
measuring on algebras, one considers algebras comeasuring on algebras. The category
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of comeasuring algebras for a pair of algebras (A,B) does not have an intial object for
arbitrary algebras A and B, but when this universal comeasuring algebra does exist, Majid
denotes it by M(A,B). This object is naturally dual to the universal measuring coalgebra
P (A,B), in that there is a natural isomorphism:
M(A,B)◦ ∼= P (A,B).
This isomorphism is proved by noting that, as every element in a coalgebra is contained in
a finite-dimensional coalgebra (Theorem A.1), it suffices to prove that M(A,B)◦ has the
property 1.1 for every finite-dimensional C measuring A to B. Then C⋆ is a comeasuring
from A to B, and, because C⋆◦ ∼= C, the result follows from the universal property of
M(A,B).
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